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Abstract:

The systematic procedure for construction of robustness regions in the parameter plane is
given in the general case of stable and ungtable as well as irrationa systems with time
delay. Design specifications are assumed in the form of simple constraints on the sensitivity
and complementary sensitivity functions. The developed method was implemented in
Matlab GUI for common used controller types - PID, PI, L-L. It is believed that the
developed tool may be very useful for design and tuning of industrial controllers.
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1 Introduction

The adjustable parameters of a regulator for a linear system are tuned by different
methods, for example by the root locus technique, optimal design and time or frequency
andysis. Frequency methods are widdy used because they have a smple physical
interpretation and are applicable to a wider class of systems such as non-minimum phase
systems, unstable systems or system with significant time delay.

The design technique presented in this paper is a graphical approach based on the
method of D-partition. This technique allows direct design of PI(D) controllers for which
the open-loop Nyquist plot fulfill the restrictions on the sensitivity and complementary
sensitivity functions. The restrictions are maximal values of sensitivity and complementary
sengitivity functions in the defined frequency intervals. These specifications can be
converted to circle constraints for the open-loop Nyquist plot.

The proposed method isolates the sensitivity and complementary sensitivity regionsin
the parameter plane. The aim of this paper is to extend the design technique [1], and
provide the specified disturbance rejection at a given frequency range and the proper
bandwidth of the closed loop.



The paper isorganized asfollows. In Section 2, the systematic method for construction
of the robustness regions in parameter plane is presented. Several examples of PID
controller design solved in Matlab GUI are given in Section 3. Conclusions will be drawn
in Section 4.

2 Problem statement and PID control design

Let P(s) representsthe processand C(s) the PID controller with transfer function
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where k, Tj and Ty areits engineering parametersand kj = k/Tj , kg = kT are gains used
in the following. The open loop transfer function L(jw), the sendtivity function
S(jw) and the complementary sensitivity function T(jw) are, respectively, defined by

L(jw)

, T(jW):m :

L(jw) =C(jW)P(jw),  S(jw) :rl(jw)

The maximum sensitivity Mg and the maximum complementary sensitivity M1 are,
respectively, defined by

Ms=supS(jw) , My =supT(jw)| . 2)
w W

The explicit parametric curves associated with (2) are given in [1]. These curves describe
the boundaries of robustness regions in the parameter plane k-k of the PI(D) controller.
Points on the boundary of theregionsare PID gains for which the Nyquist open-loop plot is
tangential to acircle correspondingto Mg or M.

In this paper, we consider specifications depicted in Fig. 1. Except (2), we require the
maximum of the senstivity function up to the frequency wyg is lower then eg >0 and
the maximum of the complementary sensitivity function over the frequency wy islimited

by er >0,

s [S(jw)| £es, €
wl <Ow >

_sup [T(jw)| £er. (4)
wl <w, ,+¥)

Similarly as in [1], we restrict the PID gain finding problem to the case of two design
parameters k and d for which it holds
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where d =1/Tj and f isafixed parameter with the meaning f =Tq /Tj . Classicaly it
was quite common to postulate f =1/4.
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Fig. 1 The constrains on sendtivity and complementary sensitivity functions

In order to determinate the (k,d) values for which the specifications (2), (3) and (4) are
satisfied, consider the following notation

L(jw)= u+ jv, C(jw)=x+ jy, P(jw)=a+ jb, (6)

Design spgcification (3) is equivalent to the condition that the open-loop Nyquist plot
L(jw), wl <0,wg >is outside the disk U(cg,rg) with the center cg=-1 and radius
rs =1/eq and smilarly design specification (4) to that the Nyquist plot
L(jw), wl <wq,+¥) is outside the disk U(cy,rr)with the center ¢, =e;/(1-e,”) and
radius 1. =e; /e;*- 1.

Now, it is clear that the pairs (K, d) on the boundaries of the sensitivity function regions
corresponding to (3) satisfy the following conditions

|S(jws)| =es,
L(jw) istangential to the boundary of U (cg,rg) at some wi <0Qwg >.



Or, equivaently

(uws) - c5)? +v(ws)? =rs2,
(u(w) - cg)u' (W) + v(w)v'(w) =0 for some wi <O,wg>.
Similarly, for complementary sensitivity function regions corresponding to (4) we obtain

(Uwy) - ¢)* +v(w,)* =1,
(u(w) - cr)u'(w) +v(w)v'(w) =0 for some wi <w;,+¥).

3 Examplessolved in Matlab GUI

Example 1. Consider the following process

1

F(s) = .
(0.2s+1(0.7s+1)(0.9s+1)

Itisrequired to find theregions of PID gains (kp, k;) for the specifications

M_=18 w,=08 e =04, M, =16, w, =10, e, =05 .

The corresponding regions are depicted in Fig. 2a. The resulting region is shaded. The
Nyquist plot for the point A is shown in Fig. 2b. In Fig. 3 are shown the corresponding
sensitivity and complementary sensitivity functions.
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Fig. 2 (a) theregion of robustness stahility; (b) open-loop Nyquist plot
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Fig. 3 (a) the smsiti\(/?zy function; (b) the complementzgr? sengitivity function
Example 2. Condgder the following process
Fo=ls 178 0.01* 8 u
sgl42.86s+1 s? +2%0.015*8s+82
It is required to find the regions of PID gains (k,,k;) satisfying the following design
specifications
M.=18 w,=10, e =01 M, =16 w, =55 e =05.
Theresults of design are presented in Fig. 2-3.
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Fig. 2 (a) therobustness region; (b) the open-loop Nyquist plot for point A
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Fig. 3 (a) the sengitivity function; (b) the complementary sensitivity function; (c) Bode
diagram for sF(s)



Example 3. To illustrate the design of a robust PID controller for a finite number of
systems, consider the process models

1 (9= 1
(0.2s+1)(0.4s+1)

F'(s) = = -
(0.55+1)(0.08s+1)

and the design specifications

Mg =18 wg =08, eg=04.
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Fig. 5 (a) the gahility region; (b) the sendtivity functions; (c) the Nyquist plots
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4 Conclusion

The practical robust design problem of the PID controller was formulated and solved
by the method of robustness regions. The explicit equations are provided for determining
the boundaries of the corresponding robustness regions. The developed method may be
used for any plant dimension including pure delay and unstable plants. The outcome of
applying the design algorithm is a complete set of controllers consistent with the design
specifications. The authors believe that the developed Matlab program may be very useful
for practitioners.

References

[1] Schlege M., Mertl J,, Cech M.: Robustness region method for PID controller design.
“International Carpathian Control Conference ‘2003”, High Tatras, Slovak Republic
May 23 — 26, 2003, | SBN 80-7099-509-2, pp. 574-577

[2] Neimark Yu.l: D-partition and robust stability. “Computational Mathematics and
Modding” , vol.9, no.2 , Page: 160-6, Publisher: Plenum , April-June 1998



